MTH 166

Lecture-34

Gauss's Divergence Theorem




Statement: Let D be a closed and bounded region in 3-dimensional space whose boundary
IS a piecewise smooth surface S oriented outwards. Let V be a vector which is continuous
and have continuous first order partial derivatives. Let n is a unit normal vector drawn
outward to the surface S. Then:

j j (V.7)dA = f J (div 7)dv = f f (¥.7)dv

S

S L = L, [ ) )

s LT =1 0w 1)



Important Results from MCQO point of view:

4.

By gauss divergence theorem: [f. (V.#)dA = [ff  (div V)dv = [ff, (V.V)dv

Gauss Divergence theorem gives a relationship between double integral and
triple integral, unlike Green’s theorem and Stokes’ theorem.

Gauss Divergence theorem is applicable to a closed region bounded by a
surface, where as Stokes’ theorem is applicable to an open surface bounded by a
closed curve.

If # = xi + yj + zk,d = a,i + a,j+ azk(a constant vector) and Vis the volume,

. JJ, (@n)dA =0
(. Jf, (curl#.7)dA =0

(. Jf, (7.7)dA = 3V = 3(Volume of the given region)



Problem 1: Evaluate [f. (V.7)dA using Gauss Divergence Theorem,

where V = xi + yj + zk and D is the region bounded by the sphere x2 + y2 + z2 = 16.

Solution: Here: V = xi + yj + zk
.= 0 9 a9 _
= divV = ax(x) +ay(y) +az(Z) =1+1+1

= divV =3
By Gauss Divergence Theorem: [f. (V.A)dA = [ff, (div V)dv

= ffS (V.ﬁ)dA = JIJ, 3dv =3 [f[, dv=3(Volume of spherex® +y* +z* = 16.)
= ff, (V.7)dA =3 (gnr?’) = 41(4°) = 2561 Answer.




Problem 2: Evaluate [f, (V.#)dA using Gauss Divergence Theorem,

WhereV=xi+yj+zE and D is bounded by theedges0 < x <a,0<y<bh,0<z<c.
L

Solution: Here: V = x{ + yj + zk

:>divl7=aa—x(x)+%(y)+%(z) —1+1+1 0.0
= divl/ =3

By Gauss Divergence Theorem: [f. (V.74)dA = [ff (divV)dv v
= JJ (V.7)dA = JIf, 3dv =3 [[[, dv=3(Volume of cuboid.)
= [[, (V.7)dA = 3(Ibh) = 3(abc) Answer.
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Problem 3: Evaluate [f; (V.7)dA using Gauss Divergence Theorem,

where V = 3x21 + 6y2j + zk and D is the region bounded by the closed cylinder
x?+vy4=16,z=0andz = 4.
Solution: Here: V = 3x2i + 6y2j + zk
27 = 2 (242 4+ 9 (6v2) 4 2
= divV = - (3x°) + " (6y~) + - (2)

:div7=6x+12y+1

By Gauss Divergence Theorem: [f. (V.#7)dA = [ff, (div V)dv
= [f, (V.A)dA = [ff, (6x + 12y + Ddv



Let us calculate the limits of X, y, z .
0 < z < 4 (Given height of cylinder) radius

il —=5

Also x* + y? = 16
=y =+V16 — x2
= —V16 —x? <y < V16 — x?

height

On x-axis (y=0)
= x%+ 0% =16 ~— —
=>x =14

=>—4<x<4

Let us put these limits in the given integral




= [f, (V.A)dA = [ff, (6x + 12y + Ddv

= ffg (17 A)dA = fz_=4 fx=4 ) ji_/%%x + 12y + 1)dydxdz

z=0 Jx=-4Jy
= fZZ:O4 dz f;:_i f%(&c + 12y + 1)dydx

= f;:: f%(@c + 12y + 1)dydx

=4 f;:: f%(l)dydx (Because x and y are odd functions)

= 4(2)(2) f;:: fy'zl(f _xz(l)dydx (Because 1 is an even function)

4

. 4 o . xV16—x2? 16 . _q (X
=16 V16 — x?dx = 16[ "+ 2 sin (4)L=O
= 641 ANSwer.




